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Outlines



• 上一章節都是在講離散隨機變數，本章節主要介紹連續隨機變數，
所以我們可以討論連續空間上的機率性質，譬如說: 生命長短、到
達時間等。

• 如果我們給定一個 𝑋為連續隨機變數 (continuous random

variable)，存在一個非負函數(nonnegative function) 𝑓，定義對於
所有實數𝑥 ∈ {−∞,∞}，則對於𝐵集合中的所有實數，

𝑃 𝑋 ∈ 𝐵 = න
𝐵

𝑓 𝑥 𝑑𝑥

• 𝑓函數為隨機變數𝑋的機率密度函數(probability density function)。
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• Since 𝑋 must assume some value, 𝑓 must satisfy

1 = 𝑃 𝑋 ∈ −∞,∞ = න
−∞

∞

𝑓 𝑥 𝑑𝑥

• 𝑙𝑒𝑡 𝐵 = 𝑎, 𝑏 , 𝑡ℎ𝑒𝑛

𝑃 𝑎 ≤ 𝑋 ≤ 𝑏 = න
𝑎

𝑏

𝑓 𝑥 𝑑𝑥

• 𝐼𝑓 𝑤𝑒 𝑙𝑒𝑡 𝑎 = 𝑏, 𝑡ℎ𝑒𝑛

𝑃 𝑋 = 𝑎 = න
𝑎

𝑎

𝑓 𝑥 𝑑𝑥 = 0

• For a continuous random variable, we can define its cumulative density function (c.d.f.) as 

follows,

𝑃 𝑋 < 𝑎 = 𝑃 𝑋 ≤ 𝑎 = 𝐹 𝑎 = න
−∞

𝑎

𝑓 𝑥 𝑑𝑥
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• 範例一

令𝑋為continuous random variable，其PDF被定義如下:

𝑓 𝑥 = ቊ
𝐶 4𝑥 − 2𝑥2 , 0 < 𝑥 < 2

0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

(1) 𝐶 = ?

(2) 𝑃 𝑋 > 1 = ?
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Solution:

(1) Since f is a probability density function, we must have 


−∞

∞
𝑓 𝑥 𝑑𝑥 = 1, implying that

𝐶න
0

2

4𝑥 − 2𝑥2 𝑑𝑥 = 1

𝐶 2𝑥2 −
2

3
𝑥3 ቤ

𝑥 = 2
𝑥 = 0

= 1

𝐶 =
3

8

(2) 𝑃 𝑋 > 1 = 1
∞
𝑓 𝑥 𝑑𝑥 =

3

8
1
2
4𝑥 − 2𝑥2 𝑑𝑥 =

1
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• 範例二

如果搭機前往卡達看世足的飛行時間為一個continuous random 

variable，其PDF可以被定義為

𝑓 𝑥 = ൝𝜆𝑒
−

𝑥
100, 𝑥 ≥ 0
0, 𝑥 < 0

試問以下的機率:

(1)飛行時間介於50-150分鐘的機率?

(2)飛行時間小於100分鐘的機率?
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Solution:

(1) Since

1 = න
−∞

∞

𝑓 𝑥 𝑑𝑥 = 𝜆න
0

∞

𝑒−
𝑥
100 𝑑𝑥

1 = −𝜆 100 𝑒−
𝑥
100 ฬ

∞
0
= 100𝜆 ⇒ 𝜆 =

1

100
𝐻𝑒𝑛𝑐𝑒,

𝑃 50 < 𝑋 < 150 = න
50

150 1

100
𝑒−

𝑥
100 𝑑𝑥 = −𝑒−

𝑥
100 ቤ

150
50

= −𝑒−
2
3 − (−𝑒−

1
2)

≈ 0.384
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(2)

𝑃 𝑋 < 100 = න
0

100 1

100
𝑒−

𝑥
100 𝑑𝑥 = −𝑒−

𝑥
100 ቤ

100
0

= 1 − 𝑒−1 ≈ 0.633

[加分題]

(2) 0.633是甚麼意思呢?

8

Introduction



• 範例三

如果一根紫外線燈管的壽命為一個continuous random variable，
其PDF可以被定義為

𝑓 𝑥 = ቐ
0, 𝑥 ≤ 100

100

𝑥2
, 𝑥 > 100

試問五個之中有兩個燈管在開始使用150分鐘後就壞掉的機率?

Solution:

假設事件𝐸𝑖 , 𝑖 = 1,2,3,4,5，第𝑖 − 𝑡ℎ燈管壞掉的事件彼此獨立。
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𝑃 𝐸𝑖 = න
0

150

𝑓 𝑥 𝑑𝑥 = 100න
100

150

𝑥−2𝑑𝑥 =
1

3

Hence,

𝑃
2

5
𝑤𝑒𝑟𝑒 𝑏𝑟𝑜𝑘𝑒𝑛 𝑖𝑛 𝑡ℎ𝑒 𝑓𝑖𝑟𝑠𝑡 150 min =

5
2

1

3

2
2

3

3

=
80

143

10

Introduction



𝐶𝑢𝑚𝑢𝑙𝑎𝑡𝑖𝑣𝑒 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛 𝐹 𝑐𝑜𝑢𝑙𝑑 𝑏𝑒 𝑜𝑏𝑡𝑎𝑖𝑛𝑒𝑑 𝑓𝑟𝑜𝑚 𝑡ℎ𝑒 𝑝. 𝑑. 𝑓.

𝐹 𝑎 = 𝑃 𝑋 ∈ −∞, 𝑎 = න
−∞

𝑎

𝑓 𝑥 𝑑𝑥

𝐷𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑡𝑖𝑛𝑔 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒
𝑑

𝑑𝑎
𝐹 𝑎 = 𝑓 𝑎

∵ න
𝑎

𝑎

𝑓 𝑥 𝑑𝑥 = 0

∴ 𝑃 𝑎 −
𝜀

2
≤ 𝑋 ≤ 𝑎 +

𝜀

2
= න

𝑎−𝜀/2

𝑎+𝜀/2

𝑓 𝑥 𝑑𝑥 ≈ 𝜀𝑓 𝑎 ,𝑤ℎ𝑒𝑟𝑒 𝜀 𝑖𝑠 𝑣𝑒𝑟𝑦 𝑠𝑚𝑎𝑙𝑙.
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• 範例四

如果𝑋為continuous with distribution function 𝐹𝑋與 density function 

𝑓𝑋，試求𝑌 = 2𝑋的distribution function。

Solution 1:

𝐹𝑌 𝑎 = 𝑃 𝑌 ≤ 𝑎 = 𝑃 2𝑋 ≤ 𝑎 = 𝑃 𝑋 ≤
𝑎

2
= 𝐹𝑋

𝑎

2
𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑡𝑖𝑜𝑛

𝑓𝑌 𝑎 =
1

2
𝑓𝑋

𝑎

2
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Solution 2:

𝜖𝑓𝑌 𝑎 ≈ 𝑃 𝑎 −
𝜖

2
≤ 𝑌 ≤ 𝑎 +

𝜖

2

= 𝑃 𝑎 −
𝜖

2
≤ 2𝑋 ≤ 𝑎 +

𝜖

2

= 𝑃
𝑎

2
−
𝜖

4
≤ 𝑋 ≤

𝑎

2
+
𝜖

4
≈
𝜖

2
𝑓𝑋

𝑎

2
𝑑𝑖𝑣𝑖𝑑𝑖𝑛𝑔 𝑏𝑦 𝜖

𝑓𝑌 𝑎 ≈
1

2
𝑓𝑋

𝑎

2
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• 在discrete random variable計算expected value時:

𝐸 𝑋 =

𝑥

𝑥𝑃{𝑋 = 𝑥}

• 如果𝑋為continuous random variable with 𝑝. 𝑑. 𝑓. 𝑓(𝑥)，則:

𝑓 𝑥 𝑑𝑥 ≈ 𝑃 𝑥 ≤ 𝑋 ≤ 𝑥 + 𝑑𝑥 𝑓𝑜𝑟 𝑑𝑥 𝑠𝑚𝑎𝑙𝑙

𝐸 𝑋 = න
−∞

∞

𝑥𝑓 𝑥 𝑑𝑥

14

Expectation and Variance of Continuous 
Random Variables



• 範例五

試求出𝐸[𝑋]，當𝑋的density function為:

𝑓 𝑥 = ቊ
2𝑥, 𝑖𝑓 0 ≤ 𝑥 ≤ 1
0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

Solution:

𝐸 𝑋 = න𝑥𝑓 𝑥 𝑑𝑥 = න
0

1

2𝑥2𝑑𝑥 =
2

3
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• 範例六

當𝑋的density function為:

𝑓 𝑥 = ቊ
1, 𝑖𝑓 0 ≤ 𝑥 ≤ 1
0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

試求𝐸[𝑒𝑋]:

Solution:

Let 𝑌 = 𝑒𝑋. Now we need to determine 𝐹𝑌, and the probability 

distribution function of 𝑌, where 1 ≤ 𝑥 ≤ 𝑒.
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𝐹𝑌 = 𝑃 𝑌 ≤ 𝑥 = 𝑃 𝑒𝑥 ≤ 𝑥 = 𝑃 𝑋 ≤ log 𝑥 = න
0

log(𝑥)

𝑓 𝑦 𝑑𝑦 = 𝑙𝑜𝑔𝑥

By differentiating 𝐹𝑌(𝑥), the 𝑝. 𝑑. 𝑓. of 𝑌 is given by…

𝑓𝑌 𝑥 =
1

𝑥
, 𝑤ℎ𝑒𝑟𝑒 1 ≤ 𝑥 ≤ 𝑒

Hence,

𝐸 𝑒𝑋 = 𝐸 𝑌 = න
−∞

∞

𝑥𝑓𝑌 𝑥 𝑑𝑥 = න
1

𝑒

𝑑𝑥 = 𝑒 − 1
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• Proposition 1

If 𝑋 is a continuous random variable with probability density 

function 𝑓(𝑥), then. For any real-valued function 𝑔,

𝐸 𝑔 𝑋 = න
−∞

∞

𝑔 𝑥 𝑓 𝑥 𝑑𝑥

𝑒𝑥𝑎𝑚𝑝𝑙𝑒:

𝐸 𝑒𝑋 = න
0

1

𝑒𝑥 𝑑𝑥 = 𝑒 − 1, 𝑠𝑖𝑛𝑐𝑒 𝑓 𝑥 = 1,𝑤ℎ𝑒𝑟𝑒 0 < 𝑥 < 1
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• Lemma 1

For nonnegative random variable 𝑌,

𝐸[𝑌] = න
0

∞

𝑃 𝑌 > 𝑦 𝑑𝑦

Proof:

We present a proof when 𝑌 is a continuous random variable with 
probability density function 𝑓𝑌. We have

න
0

∞

𝑃{𝑌 > 𝑦} 𝑑𝑦 = න
0

∞

න
𝑦

∞

𝑓𝑌 𝑥 𝑑𝑥𝑑𝑦
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Where we have used the fact that 𝑃 𝑌 > 𝑦 = 
𝑦

∞
𝑓𝑌 𝑥 𝑑𝑥. 

Interchanging the order of integration in the proceeding equation 

yields.

න
0

∞

𝑃 𝑌 > 𝑦 𝑑𝑦 = න
0

∞

න
0

𝑥

𝑑𝑦 𝑓𝑌 𝑥 𝑑𝑥 = න
0

∞

𝑥𝑓𝑌 𝑥 𝑑𝑥 = 𝐸[𝑌]
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Proof of Proposition 1:

From Lemma 1, for any function 𝑔 for which 𝑔 𝑥 ≥ 0.

𝐸 𝑔 𝑋 = න
0

∞

𝑃 𝑔 𝑋 > 𝑦 𝑑𝑦 = න
0

∞

න
𝑥:𝑔 𝑥 >𝑦

𝑓 𝑥 𝑑𝑥𝑑𝑦

= න
𝑥:𝑔 𝑥 >0

න
0

𝑔(𝑥)

𝑑𝑦𝑓 𝑥 𝑑𝑥 = න
𝑥:𝑔 𝑥 >0

𝑔 𝑥 𝑓 𝑥 𝑑𝑥
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• 範例七

如果今天有一根長度為1的竹筷，你在點𝑈的地方折斷，且𝑈符合
uniformly distributed，值域落在(0,1)。試問期望的長度中含有點𝑝
的機率為何 (0 ≤ 𝑝 ≤ 1)?

Solution:

令𝐿𝑝(𝑈)為折斷後的竹筷含有點𝑝的長度:

𝐿𝑝(𝑈) = ቊ
1 − 𝑈,𝑈 < 𝑝
𝑈,𝑈 > 𝑝
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From Proposition 1,

𝐸 𝐿𝑝 𝑈 = න
0

1

𝐿𝑝 𝑢 𝑑𝑢 = න
0

𝑝

1 − 𝑢 𝑑𝑢 +න
𝑝

1

𝑢𝑑𝑢

=
1

2
−

1 − 𝑝 2

2
+
1

2
−
𝑝2

2
=
1

2
+ 𝑝 1 − 𝑝
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• 範例八

假設你提早𝑠分鐘球場練球，你所需要花的成本為𝑐𝑠；如果你晚𝑠分
鐘到球場，你的成本則為𝑘𝑠。假設你從你的所在地出發前往到球場
的時間為continuous random variable，且𝑝. 𝑑. 𝑓.為𝑓。試問你應該
要幾點出發使得你得成本最小化。

Solution:

令𝑋為旅行時間。如果你提早𝑡分鐘離開，則你的成本為𝐶𝑡 𝑋 :

𝐶𝑡 𝑋 = ቊ
𝑐 𝑡 − 𝑋 , 𝑖𝑓 𝑋 ≤ 𝑡

𝑘 𝑋 − 𝑡 , 𝑖𝑓 𝑋 ≥ 𝑡
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因此

𝐸 𝐶𝑡 𝑋 = න
0

∞

𝐶𝑡 𝑥 𝑓 𝑥 𝑑𝑥 = න
0

𝑡

𝑐 𝑡 − 𝑥 𝑓 𝑥 𝑑𝑥 + න
𝑡

∞

𝑘 𝑥 − 𝑡 𝑓 𝑥 𝑑𝑥

= 𝑐𝑡න
0

𝑡

𝑓 𝑥 𝑑𝑥 − 𝑐න
0

𝑡

𝑥𝑓 𝑥 𝑑𝑥 + 𝑘න
𝑡

∞

𝑥𝑓 𝑥 𝑑𝑥 − 𝑘𝑡න
𝑡

∞

𝑓 𝑥 𝑑𝑥

我們要做的就是最小化𝐸 𝐶𝑡 𝑋 ，利用微分可以得出
𝑑

𝑑𝑡
𝐸 𝐶𝑡 𝑋 = 𝑐𝑡𝑓 𝑡 + 𝑐𝐹 𝑡 − 𝑐𝑡𝑓 𝑡 − 𝑘𝑡𝑓 𝑡 + 𝑘𝑡𝑓 𝑡 − 𝑘 1 − 𝐹 𝑡

= 𝑘 + 𝑐 𝐹 𝑡 − 𝑘
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令 𝑘 + 𝑐 𝐹 𝑡 − 𝑘等於0

則可求出最佳化的𝑡∗時間為

𝐹 𝑡∗ =
𝑘

𝑘 + 𝑐

Corollary 1

If 𝑎 and 𝑏 are constant, then

𝐸 𝑎𝑋 + 𝑏 = 𝑎𝐸 𝑋 + 𝑏
𝑉𝑎𝑟 𝑋 = 𝐸 𝑋 − 𝜇 2 = 𝐸 𝑋2 − 𝐸 𝑋 2
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• 範例九

試求出𝑉𝑎𝑟(𝑋)，當𝑋的𝑝. 𝑑. 𝑓.為

𝑓 𝑥 = ቊ
2𝑥, 𝑖𝑓 0 ≤ 𝑥 ≤ 1
0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

Solution:

𝐸 𝑋2 = න
−∞

∞

𝑥2𝑓 𝑥 𝑑𝑥 = න
0

1

2𝑥3𝑑𝑥 =
1

2

𝑠𝑖𝑛𝑐𝑒 𝐸 𝑋 =
2

3

𝑉𝑎𝑟 𝑋 =
1

2
−

2

3

2

=
1
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如果說一個continuous random variable是uniformly distributed分布在(0,1)
的區間中，則其𝑝. 𝑑. 𝑓.為

𝑓 𝑥 = ቊ
1, 0 < 𝑥 < 1
0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

Since 𝑓 𝑥 ≥ 0 and ∞−
∞

𝑓 𝑥 𝑑𝑥 = 0
1
𝑑𝑥 = 1. Because 𝑓(𝑥) > 0 only when

𝑥 ∈ (0,1), it follows that 𝑋 must assume a value in interval (0,1). Also,
since 𝑓(𝑥) is constant for 𝑥 ∈ (0,1), 𝑋 is just as likely to be near any value
in (0,1) as it is to be near any other value.

To verify this statement, note that, for any 0 < 𝑎 < 𝑏 < 1,

𝑃 𝑎 ≤ 𝑋 ≤ 𝑏 = න
𝑎

𝑏

𝑓 𝑥 𝑑𝑥 = 𝑏 − 𝑎
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𝑃 𝑎 ≤ 𝑋 ≤ 𝑏 = න
𝑎

𝑏

𝑓 𝑥 𝑑𝑥 = 𝑏 − 𝑎

We say that 𝑋 is a uniform random variable on the interval (𝛼, 𝛽) if the 
probability density function of 𝑋 is given by,

𝑓 𝑥 = ൞

1

𝛽 − 𝛼
, 𝑖𝑓 𝛼 < 𝑥 < 𝛽

0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

Since 𝐹 𝑎 = ∞−
𝑎

𝑓 𝑥 𝑑𝑥, then the cumulative density function is given by,

𝐹(𝑎) =

0, 𝑎 ≤ 𝛼
𝑎 − 𝛼

𝛽 − 𝛼
, 𝛼 < 𝑥 < 𝛽

1, 𝑎 ≥ 𝛽
29
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• 範例十

令𝑋為uniformly distributed over (𝛼, 𝛽)。試求(a) 𝐸[𝑋]; (b) 𝑉𝑎𝑟(𝑋)

Solution:

𝐸 𝑋 = න
−∞

∞

𝑥𝑓 𝑥 𝑑𝑥 = න
𝛼

𝛽 𝑥

𝛽 − 𝛼
𝑑𝑥 =

𝛽2 − 𝛼2

2(𝛽 − 𝛼)
=
𝛽 + 𝛼

2

𝐸 𝑋2 = න
𝛼

𝛽 1

𝛽 − 𝛼
𝑥2𝑑𝑥 =

𝛽3 − 𝛼3

3(𝛽 − 𝛼)
=
𝛽2 + 𝛼𝛽 + 𝛼2

3

𝑉𝑎𝑟 𝑋 =
𝛽2 + 𝛼𝛽 + 𝛼2

3
−

𝛽 + 𝛼

2

2

=
𝛽 − 𝛼 2

12
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• 範例十一

如果𝑋是uniformly distributed且值域落在(0,10)，請計算下列機率:

(a) 𝑋 < 3; (b) 𝑋 > 6; (c) 3 < 𝑋 < 8.

Solution:

(a)

𝑃 𝑋 < 3 = න
0

3 1

10
𝑑𝑥 =

3

10

(c)

𝑃 3 < 𝑋 < 8 = න
3

8 1

10
𝑑𝑥 =

1

2 31
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(b)

𝑃 𝑋 > 6 = න
6

10 1

10
𝑑𝑥 =

4

10



• 範例十二

假設往返學校與火車站的接駁車從早上七點開始，每十五分鐘一班
車，也就是說靠站時間為: 7:00, 7:15, 7:30, 7:45, …。試問一名乘
客等車的時間為uniformly distributed，且時間落在於7:00與7:30之
間，試問他等車的機率:

(a)等候時間小於五分鐘

(b)整候時間大於十分鐘
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Solution:

令𝑋為七點後等車的時間，𝑋為uniform random variable且值域落
在(0,30)之間，如果等車時間要小於5分鐘的話，則只有兩種:

7:10-7:15 or 7:25-7:30

𝑃 10 < 𝑋 < 15 + 𝑃 25 < 𝑋 < 30 = න
10

15 1

30
𝑑𝑥 +න

25

30 1

30
𝑑𝑥 =

1

3

同理，如果等車時間會超過十分鐘的話:

7:00-7:05 or 7:15-7:20

𝑃 0 < 𝑋 < 5 + 𝑃 15 < 𝑋 < 20 =
1

3 33
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為甚麼我們要那麼認真講機率的定義? 如果沒有好好的定義會有差?

Consider a random chord (弦) of a circle. What is the probability

that the length of the chord will be greater than the side of the

equilateral triangle inscribed in that circle?

34
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Bertrand’s Paradox

𝟏

𝟑

𝟏

𝟐

𝟏

𝟒

https://github.com/czimbortibor/Bertrand-paradox/blob/master/bertrand.py

https://github.com/czimbortibor/Bertrand-paradox/blob/master/bertrand.py


• 如果𝑋為一個normal random variable，或者是說𝑋是normally

distributed，具有兩個參數(𝜇, 𝜎2)，如果𝑋的𝑝. 𝑑. 𝑓.為:

𝑓 𝑥 =
1

𝜎 2𝜋
𝑒
−
𝑥−𝜇 2

2𝜎2 , 𝑤ℎ𝑒𝑟𝑒 −∞ < 𝑥 < ∞

35

Normal Random Variables



To prove that 𝑓(𝑥) is indeed a probability density function, we

need to show that

1

𝜎 2𝜋
න
−∞

∞

𝑒
−
𝑥−𝜇 2

2𝜎2 𝑑𝑥 = 1

Let 𝑦 =
𝑥−𝜇

𝜎

1

𝜎 2𝜋
න
−∞

∞

𝑒
−
𝑥−𝜇 2

2𝜎2 𝑑𝑥 =
1

2𝜋
න
−∞

∞

𝑒−
𝑦2

2 𝑑𝑦 = 1

න
−∞

∞

𝑒−
𝑦2

2 𝑑𝑦 = 2𝜋

36

Normal Random Variables



න
−∞

∞

𝑒−
𝑦2

2 𝑑𝑦 = 2𝜋

Let 𝐼 = ∞−
∞

𝑒−𝑦
2/2 𝑑𝑦

𝐼2 = න
−∞

∞

𝑒−𝑦
2/2 𝑑𝑦න

−∞

∞

𝑒−𝑥
2/2 𝑑𝑥 = න

−∞

∞

න
−∞

∞

𝑒−
𝑦2+𝑥2

2 𝑑𝑦𝑑𝑥

Let 𝑥 = 𝑟𝑐𝑜𝑠𝜃; 𝑦 = 𝑟𝑠𝑖𝑛𝜃; 𝑑𝑦𝑑𝑥 = 𝑟𝑑𝜃𝑑𝑟.

𝐼2 = න
0

∞

න
0

2𝜋

𝑒−
𝑟2

2 𝑟𝑑𝜃𝑑𝑟 = 2𝜋න
0

∞

𝑟𝑒−
𝑟2

2 𝑑𝑟 = −2𝜋𝑒−
𝑟2

2 ฬ
∞
0
= 2𝜋

⇒ 𝐼 = 2𝜋
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If 𝑋 is normally distributed ➔ 𝑋~𝑛𝑜𝑟𝑚𝑎𝑙 𝜇, 𝜎2 ⇒ 𝑌 = 𝑎𝑋 + 𝑏 ⇒
𝑌~𝑛𝑜𝑟𝑚𝑎𝑙(𝑎𝜇 + 𝑏, 𝑎2𝜎2)

Let 𝐹𝑌 denote the cumulative distribution function of 𝑌.

𝐹𝑌 𝑥 = 𝑃 𝑌 ≤ 𝑥 = 𝑃 𝑎𝑋 + 𝑏 ≤ 𝑥 = 𝑃 𝑋 ≤
𝑥 − 𝑏

𝑎
= 𝐹𝑋

𝑥 − 𝑏

𝑎

Where 𝐹𝑋 is the 𝑐. 𝑑. 𝑓. of 𝑋. By differentiation, the density function 

of 𝑌 is…

𝑓𝑌 =
1

𝑎
𝑓𝑋

𝑥 − 𝑏

𝑎
=

1

𝑎𝜎 2𝜋
𝑒
−

𝑥−𝑏
𝑎 −𝜇

2

2𝜎2 =
1

𝑎𝜎 2𝜋
𝑒
−
𝑥−𝑏−𝑎𝜇 2

2𝑎2𝜎2
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• 範例十三

試求出𝐸[𝑋]與𝑉𝑎𝑟(𝑋)，當𝑋為normal random variable，且其參數
為𝜇與𝜎2。

Solution:

令我們找的mean and variance都來自standard normal random

variable 𝑍 = (𝑋 − 𝜇)/𝜎。

𝐸 𝑍 = න
−∞

∞

𝑥𝑓𝑍 𝑥 𝑑𝑥 =
1

2𝜋
න
−∞

∞

𝑥𝑒−
𝑥2

2 𝑑𝑥 = −
1

2𝜋
𝑒−

𝑥2

2 ฬ
∞
−∞

= 0

𝑉𝑎𝑟 𝑍 = 𝐸 𝑍2 =
1

2𝜋
න
−∞

∞

𝑥2𝑒−
𝑥2

2 𝑑𝑥
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𝑉𝑎𝑟 𝑍 = 𝐸 𝑍2 =
1

2𝜋
න
−∞

∞

𝑥2𝑒−
𝑥2

2 𝑑𝑥

Integration by parts (with 𝑢 = 𝑥 and 𝑑𝑣 = 𝑥𝑒−
𝑥2

2 ), …

𝑉𝑎𝑟 𝑍 =
1

2𝜋
−𝑥𝑒−

𝑥2

2 ฬ
∞
−∞

+න
−∞

∞

𝑒−
𝑥2

2 𝑑𝑥

=
1

2𝜋
න
−∞

∞

𝑒−
𝑥2

2 𝑑𝑥 = 1
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Because 𝑋 = 𝜇 + 𝜎𝑍, …

𝐸 𝑋 = 𝜇 + 𝜎𝐸 𝑍 = 𝜇
𝑉𝑎𝑟 𝑋 = 𝜎2𝑉𝑎𝑟 𝑍 = 𝜎2

c.d.f. of a standard normal random variable by Φ 𝑥

Φ 𝑥 =
1

2𝜋
න
−∞

𝑥

𝑒−
𝑦2

2 𝑑𝑦
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The value of Φ 𝑥 for nonnegative 𝑥 are 

given 

Φ −𝑥 = 1 −Φ 𝑥 ,−∞ < 𝑥 < ∞

If 𝑍 is a standard normal random variable, 

then

𝑃{𝑍 ≤ −𝑥} = 𝑃{𝑍 > 𝑥}

Since 𝑍 =
𝑋−𝜇

𝜎

𝐹𝑋 𝑎 = 𝑃 𝑋 ≤ 𝑎 = 𝑃
𝑋 − 𝜇

𝜎
≤
𝑎 − 𝜇

𝜎

= Φ
𝑎 − 𝜇

𝜎
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• 範例十四

如果𝑋~𝑛𝑜𝑟𝑚𝑎𝑙(𝜇 = 3, 𝜎2 = 9)，試問:

(a) 𝑃{2 < 𝑋 < 5}

(b) 𝑃{𝑋 > 0}

(c) 𝑃{|𝑋 − 3| > 6}

Solution:

(a)

𝑃 2 < 𝑋 < 5 = 𝑃
2 − 3

3
<
𝑋 − 3

3
<
5 − 3

3
= 𝑃 −

1

3
< 𝑍 <

2

3

= Φ
2

3
− Φ −

1

3
= Φ

2

3
− 1 − Φ

1

3
≈ 0.3779
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(b)

𝑃 𝑋 > 0 = 𝑃
𝑋 − 3

3
>
0 − 3

3
= 𝑃 𝑍 > −1 = 1 − Φ −1 = Φ(1)

≈ 0.8413

(c)

𝑃 𝑋 − 3 > 6 = 𝑃 𝑋 > 9 + 𝑃 𝑋 < −3

= 𝑃
𝑋 − 3

3
>
9 − 3

3
+ 𝑃

𝑋 − 3

3
<
−3 − 3

3
= 𝑃 𝑍 > 2 + 𝑃 𝑍 < −2

= 1 −Φ 2 + Φ −2 = 2[1 − Φ(2)] ≈ 0.0456
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• 範例十五

假設今天全班的期末考成績為鐘型曲線(normal distribution)，令學
生的成績為𝑋~𝑛𝑜𝑟𝑚𝑎𝑙(𝜇, 𝜎2)，老師打算依照成績分布給等第:

(a) A成績大於𝜇 + σ

(b) B成績介於𝜇與𝜇 + σ之間

(c) C成績介於𝜇 − σ與𝜇之間

(d) D成績介於𝜇 − σ與𝜇 − 2σ

(e) F成績小於𝜇 − 2σ
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Solution:

𝑃 𝑋 > 𝜇 + 𝜎 = 𝑃
𝑋 − 𝜇

𝜎
> 1 = 1 −Φ 1 ≈ 0.1587

𝑃 𝜇 < 𝑋 < 𝜇 + 𝜎 = 𝑃 0 <
𝑋 − 𝜇

𝜎
< 1 = Φ 1 −Φ 0 ≈ 0.3413

𝑃 𝜇 − 𝜎 < 𝑋 < 𝜇 = 𝑃 −1 <
𝑋 − 𝜇

𝜎
< 0 = Φ 0 −Φ −1 ≈ 0.3413

𝑃 𝜇 − 2σ < 𝑋 < 𝜇 − σ = 𝑃 −2 <
𝑋 − 𝜇

𝜎
< −1 = Φ 2 −Φ 1 ≈ 0.1359

𝑃 𝑋 < 𝜇 − 2𝜎 = 𝑃
𝑋 − 𝜇

𝜎
< −2 = Φ −2 ≈ 0.0228
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• 範例十六

假設𝑋為小孩出生的時間 (一年中date為單位 )，所以可以得到
𝑋~𝑛𝑜𝑟𝑚𝑎𝑙(𝜇, = 270 , 𝜎2 = 10)。試問: 出生時間晚於290天或早於
240天的機率為何?

Solution:

𝑃 𝑋 > 290 𝑜𝑟 𝑋 < 240 = 𝑃 𝑋 > 290 + 𝑃 𝑋 < 240

= 𝑃
𝑋 − 270

10
> 2 + 𝑃

𝑋 − 270

10
> −3 = 1 −Φ 2 + 1 −Φ 3

≈ 0.0241
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• 範例十七

假設要從A地傳遞一個二元的資料(0,1)到B地，為了讓訊號辨別得
更好，2代表1，而−2代表0。因此𝑥值域為𝑥 = ±2。收到的訊號為
𝑅，其中還會接受到一些雜訊𝑁，也就是𝑅 = 𝑥 + 𝑁。訊號拆解方式
如下:

𝐼𝑓 𝑅 ≥ 0.5, 𝑡ℎ𝑒𝑛 1 𝑖𝑠 𝑐𝑜𝑛𝑐𝑙𝑢𝑑𝑒𝑑.
𝐼𝑓 𝑅 < 0.5, 𝑡ℎ𝑒𝑛 0 𝑖𝑠 𝑐𝑜𝑛𝑐𝑙𝑢𝑑𝑒𝑑.

𝑃 𝑒𝑟𝑟𝑜𝑟 𝑚𝑒𝑠𝑠𝑎𝑔𝑒 𝑖𝑠 1} = 𝑃 𝑀 < −1.5 = 1 − Φ 1.5 ≈ 0.0668
𝑃 𝑒𝑟𝑟𝑜𝑟 𝑚𝑒𝑠𝑠𝑎𝑔𝑒 𝑖𝑠 0} = 𝑃 𝑀 ≥ 2.5 = 1 −Φ 2.5 ≈ 0.0062
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• If 𝑆𝑛 denotes the number of success that occur when 𝑛
independent trials, each resulting in a success with probability

𝑝, are perform, then, for 𝑎 < 𝑏.

𝑃 𝑎 ≤
𝑆𝑛 − 𝑛𝑝

𝑛𝑝 1 − 𝑝
≤ 𝑏 → Φ 𝑏 − Φ 𝑎 , 𝑎𝑠 𝑛 → ∞

49
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• 範例十八

令𝑋為投擲一枚公平的硬幣40次中正面的次數，試問𝑋 = 20的機率

Solution:

𝑃 𝑋 = 𝑖 = 𝑃 19.5 ≤ 𝑋 ≤ 20.5

= 𝑃
19.5 − 20

10
<
𝑋 − 20

10
<
20.5 − 20

10

≈ 𝑃 −0.16 <
𝑋 − 20

10
< 0.16

≈ Φ 0.16 − Φ −0.16 ≈ 0.1272
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• 範例十九

假設現在進行系上招生，理想班級人數為150人，但只有30%人會
入學，如果有450人報名，試問等於或超過150人入學的機率為何?

Solution:

Let 𝑋 is a binomial random variable, where parameters 𝑛 =
450 and 𝑝 = 0.3。考慮到連續空間，我們就可以用常態來做逼近求
值。

𝑃 𝑋 >= 150.5 = 𝑃
𝑋 − 450 × 0.3

450 0.3 0.7
≥
150 − 450 × 0.3

450 0.3 0.7

≈ 1 −Φ 1.59 ≈ 0.0559
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• 範例二十

假設現在有一款新型高血壓藥物，有100人服用此藥物，至少有65%人
可以成功降低血壓，則現在有一個新病患要服用此藥物，試問降低血壓
的機率為何?

Solution:

令𝑋為降低血壓的人數為常態分佈，且一個人是否降低血壓機率為𝑝 =
1/2。



𝑖=65

100

100
𝑖

1

2

100

= 𝑃{𝑋 ≥ 64.5} = 𝑃
𝑋 − 100

1
2

100
1
2

1
2

≥ 2.9

≈ 1 − Φ(2.9) ≈ 0.0019 53
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• 若𝑋為Exponential random variable，其𝑝. 𝑑. 𝑓.為

𝑓 𝑥 = ൝
𝜆𝑒−𝜆𝑥, 𝑖𝑓𝑥 ≥ 0
0, 𝑖𝑓 𝑥 < 0

• 其𝑐. 𝑑. 𝑓.為

𝐹 𝑎 = 𝑃 𝑋 ≤ 𝑎 = න
0

𝑎

𝜆𝑒−𝜆𝑥𝑑𝑥 = −𝑒−𝜆𝑥 ฬ
𝑎
0
= 1 − 𝑒−𝜆𝑎, 𝑤ℎ𝑒𝑟𝑒 𝑎 > 0

Note that 𝐹 ∞ = 0
∞
𝜆𝑒−𝜆𝑥𝑑𝑥 = 1, as, of course, it must. The parameter

𝜆 will now be shown to equal the reciprocal of the expected value.
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• 範例二十一

令𝑋為exponential random variable參數為𝜆。

試問: (a) 𝐸[𝑋]; (b) 𝑉𝑎𝑟(𝑋).

Solution:

𝑓 𝑥 = ൝
𝜆𝑒−𝜆𝑥, 𝑖𝑓𝑥 ≥ 0
0, 𝑖𝑓 𝑥 < 0

For 𝑛 > 0,

𝐸 𝑋𝑛 = න
0

∞

𝑥𝑛𝜆𝑒−𝜆𝑥𝑑𝑥
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𝐸 𝑋𝑛 = න
0

∞

𝑥𝑛𝜆𝑒−𝜆𝑥𝑑𝑥

Integration by parts (with 𝜆𝑒−𝜆𝑥 = 𝑑𝑣 and 𝑢 = 𝑥𝑛) yields

𝐸 𝑋𝑛 = −𝑥𝑛𝑒−𝜆𝑥 ฬ
∞
0
+න

0

∞

𝑒−𝜆𝑥𝑛𝑥𝑛−1𝑑𝑥

= 0 +
𝑛

𝜆
න
0

∞

𝑥𝑛−1𝜆𝑒−𝜆𝑥𝑑𝑥

=
𝑛

𝜆
𝐸[𝑋𝑛−1]
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𝑛

𝜆
𝐸[𝑋𝑛−1]

Let 𝑛 = 1 and 𝑛 = 2

𝐸 𝑋 =
1

𝜆
; 𝐸 𝑋2 =

2

𝜆
𝐸 𝑋 =

2

𝜆2

(b)

𝑉𝑎𝑟 𝑋 =
2

𝜆2
−

1

𝜆

2

=
1

𝜆2
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• 範例二十二

假設𝑋為搭火車的時間𝑋~𝑒𝑥𝑝𝑜𝑛𝑒𝑛𝑡𝑖𝑎𝑙(𝜆 =
1

10
)，今天你去搭火車從

某一站到另一站:

(a)旅行時間大於10分鐘的機率

(b)旅行時間介於10與20分鐘之間的機率

Solution:

(a) 𝑃{𝑋 > 10} = 1 − 𝐹(10) = 𝑒−1 ≈ 0.368

(b) 𝑃{10 < 𝑋 < 20} = 𝐹(20) − 𝐹(10) = 𝑒−1 − 𝑒−2 ≈ 0.233
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We say that a nonnegative random variable 𝑋 is memoryless if

𝑃 𝑋 > 𝑠 + 𝑡 𝑋 > 𝑡} = 𝑃 𝑋 > 𝑠 , 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑠, 𝑡 ≥ 0

It is equivalent to …
𝑃{𝑋 > 𝑠 + 𝑡, 𝑋 > 𝑡}

𝑃{𝑋 > 𝑡}
= 𝑃 𝑋 > 𝑠

𝑃 𝑋 > 𝑠 + 𝑡, 𝑋 > 𝑡 = 𝑃 𝑋 > 𝑠 𝑃{𝑋 > 𝑡}



• 範例二十三

令𝑋~𝑢𝑛𝑖𝑓𝑜𝑟𝑚(0,1)，試問隨機變數𝑌 = 𝑋𝑛 (For 0 ≤ 𝑦 ≤ 1)的𝑝. 𝑑. 𝑓.。
𝐹𝑌 𝑦 = 𝑃 𝑌 ≤ 𝑦
= 𝑃 𝑋𝑛 ≤ 𝑦

= 𝑃 𝑋 ≤ 𝑦
1
𝑛

= 𝐹𝑋(𝑦
1
𝑛)

Differentiation to obtain the 𝑝. 𝑑. 𝑓.

𝑓𝑌(𝑦) = ቐ
1

𝑛
𝑦
1
𝑛
−1, 0 ≤ 𝑦 ≤ 1

0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
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• 範例二十四

令𝑋為continuous random variable，𝑝. 𝑑. 𝑓.為𝑓𝑋，distribution為
𝑌 = 𝑋2 (𝐹𝑜𝑟 𝑦 ≥ 0):

𝐹𝑌 = 𝑃 𝑌 ≤ 𝑦
= 𝑃 𝑋2 ≤ 𝑦
= 𝑃 − 𝑦 < 𝑋 < 𝑦
= 𝐹𝑋 𝑦 − 𝐹𝑋(− 𝑦)

Differentiation yields

𝑓𝑌 𝑦 =
1

2 𝑦
𝑓𝑋 𝑦 − 𝑓𝑋 − 𝑦
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[加分題]

令𝑋為continuous random variable，𝑝. 𝑑. 𝑓.為𝑓𝑋，distribution為
𝑌 = 𝑋 (𝐹𝑜𝑟 𝑦 >= 0):

…
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• Selected Problems from Sheldon Ross Textbook [1].
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The End
If you have any questions, please do not hesitate to ask me.

Thank you for your attention ))
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